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Summary: A few attractive systems of equations describing perturbed orbital motion are derived from first principles. These

equations are particularly useful for near-circular and near-equatorial satellite orbits where the classical perturbation equations

exhibit singularities. Instrumental in the derivation of the results is the use of a quasi-angle defined by a differential relation.

This leads to a naturol decoupling of in-plane and out-of-plane perturbing effects and to relatively compact expressiorts.

Finally, a few convenient non-conventional orbital elements which have a non-vanishing rate of change in the absence of

perturbat ion s are presented.

Nichtsinguliire und nichtkonventionelle Stiirungsgleichungen in der Bahnmechanik

Abersicht: Es werden einige neue Beschreibungen von beliebig gestorten Satellitenbahnen mitgeteilt. Diese sind filr Bahnen

mit geringer Exzentrizitdt und Bahnneigung von praktischer Bedeutung. In diesen Ftillen werden die klassischen Differential-

gleichungen aufgrund von Singularitdten unbrauchbar. Die Ergebnisse werden durch die Entkopplung von Stdrungseffekten,

welche auf die Bahninklination einwirken, und solche, die nur innerhalb dieser Ebene wirksam sind, abgeleitet. Aul3erdent

werden nichtkonventionelle Bahnelemente eingefilhrt, die dadurch gekennzeichnet sind, dal3 sie sich dauernd als Furtktion

der Zeit iindern, auch wenn alle Storungskrtifte aufSer acht gelassen werden.

1.  Introduct ion the other hand. there also exist  orbi ta l  e lements wi th a non-

vanishing rate of  change in the absence of  perturbat ions,

The wel l -known classical  Lagrange's Planetary Equat ions e.g.  the mean and t rue anomal ies.  These var iables are

[1]  descr ibe the rate of  change of  a set  of  orbi ta l  e lements designated as fast  e lements.  I t  is  evident  that  in the

under a combination of arbitrary perturbing forces. In the numerical integration of the set of first-order differential

conventional terminology the orbital elements would equations for the variation of the elements, a fast variable

become constants if the perturbing forces were to vanish: would generally require a much smaller step size than the
such var iables may be cal led s low orb i ta l  e lements.  On oneneededforaslowelement , i f  consis tentaccuraciesare
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clesired. The rat io of the stepsizes rvoulcl be r to l . ' , r ,here r
dcnotes  thc  o rdcr  o f  n ragn i tudc  o f  thc  pcr tu rb ing  fo rccs
a f te r  p roper  nond imens iona l i za t ion .  Th is  observa t ion  c loes
not  imp lv .  horvever .  tha t  fas t  o rb i ta l  e lements  a re  in  a l l
cascs to be disregarclecl as possiblc candiciatcs for dcscrib-
ing  Per tu rbec l  o rb i ta l  n to t ion .  In  th r .  p resent  ; raper  a  few
s i tua t ions  are  d iscussec l  rv l ie le  fas t  t r rb i ta l  c lcnrcn ts  can bc
enrpl()\ 'ed wit l-rout arlr 'erse consecluenccs on the step size in
thc numerical integration proccs-q. Thc uscfulncss of fast
elenrents is basecl on the fol lorving consiclerat ions:

I .  Anv arbitrarv fast orbital elemenl dcl inc-s a correspond-
ing slou' r,ariable i f  i ts unperturbecl KtPlsrian contr ibu-
t ion  is  s imp lv  subt rac ted .  T I rcsc  so-ca l led  s Ios '
d i f f e r e n c e - e l c r n e n t s  w o u l d  v a r r i s h  i c l e n t i c a l l v  i n
the  case o f  unper tu rbed mot ion .

2 .  In  par t i cu la r  cases .  a  nor rna l l v  fas t  e lc r l cn t  mav be  con-
s idcrc -d  as  a  s lou '  r 'a r iab le .  I f .  fo r  exa lnp lc .  the  eccen-
t r i c i t v  c  can be  proven to  rcmain  o f  the  samc orc lc r  o f
smal lness  as  the  per tu rba t ion  paranre ter  s  th roughoL l t
the  t ime- in te rva l  o f  in te res t .  thc  ra tc  o f  change o f  thc
fast element e cos i l  (rvhcrc r? is thc "fast" true anomalv)
rvould effect ivclv be- a slow elernent in the sense that i ts
ra te  o f  change is  o f  s i rn i la r  rnagn i tude as  tha t  o f  a  c ( )n -
vcn t iona l  s low e lement .  I t  shou ld  be  kept  in  mind .  how-
evcr .  tha t  e  cos  r ' ,1  i s  no t  s low in  the  sense tha t  i t  u ,ou l r l
become a  cons tan t  in  the  abscncc  o f  per tu rba t ions .
T h e r e f o r e .  s u c h  a n  e l e m e n t  w i l l  b c  c a l l e d  q u a s i - s l o w .
where i t  must be recognizcd that the slon'ness holds
on ly  fo r  par t i cu la r  in i t ia l  cond i t ions  and fo r  par t i cu la r
perturbint forces.

The ob jec t ive  o f  inves t iga t ing  thcsc  quas i -s lo rv  o rb i ta l  e lc -
ments is tO arr ivc at rnore convenient rcprcscntations fr)r
the well-known Lagrttrtge Planetarv Equations describing
the variat ion of the cl irssical orbital clcments u, e, o, i ,  {)
and T .  Thc  Gauss  fo rmula t ion .  in  par t i cu la r .  whcr r ' the  per -
tu rb i r rg  fo rccs  arc  expanded in  th ree  loca l  components
along radial,  tr . lnsvcrse ancl orbit-norrnal direct ions results
in quite arvkward ecluations wl-r ich clo not lcacl i lv admit an
analvt ical approach for anv non-tr ivial appl icat ion. In
numcrical integration the advantage of a more compact sct
of cquations in terms of non-conventional elements woulcl
l ie  in  a  fas te r  exccut i t rn  t ime.  I t  mat 'bc -  mcnt ioned tha t
a l though a  canon ica l  se t  o f  per tu rba t ion  equat ions  wou ld
be nrore compact than anv other sct a price in terms of fair lv
elaborate transformations for thc actr-ral phvsical perturb-
ing forces into canonical forces must he paid for this con-
venience [2].  Compactness and casc oi appl icat ion of the
equations as well  as the complexitv of the perturbing forcc
expressions thcrcforc plav a role in assessinq thc suitabi l i t) ,
of a part icular formulation. I t  should also tre ernphasizcd
that dif ferent appl icat ions mav lcacl to dif ferent preferrecl
forms.

The ideas presented in this paper h:rs been suggested by
inve  s t iga t ions  re la tcd  Io  the  se lec t ion  o f  a  su i tab le  fo rmula-
t ion  fo r  re la t i ve  mot ion  prob lems [3 ] .  The use o f  a  pseudo-
angle l  defincd bv thc- dif t 'erential relat ion i ,  :  /r ,rrr in per-
turbed orbital motion has been aclvocated bv manl '  authors

[.1 to 71. This choice is instrumental in el irninating out-of-
plane pe rturbing force components frorn the in-plane per-
tu rba t ion  equat ions  wh ich  is  an  essent ia l  ndysn[3oe lesne-

c ia l l y  in  ana lv t i ca l  rvork )  rvhen comparcd  to  convent iona l
fo rmula t ions-

2. Nomenclature

a  (gcnera [ )a r rav  o f  o rb i ta l  e lements
( r  sc r t t i -mr r jo r  l rx is
D  a u r i l i a r v v a r i a b l e .  E q s .  ( 3 1 )
c eccentr ici t l '

f ,  S  non-s insu la r  o rb i ta l  e lements .  Eqs .  (37)
f  acce le ra t ion  vcc tor
h  angu lar  momenturn  (pc- r  un i t  mass)  r ,ec to r
I  inc l ina t ion
I . J ,  K  n o n - s i n g u l a r o r b i t a l e l e m e n t s . E q s . ( - 1 1 )
J 1 second zonal harmonic of Earth's potcntial f icld

i , k  n o n - s i n g u l t i r o r b i t a l c l c m c n t s . E q s . ( 2 6 7
p,q  car tes iancoord ina tcso fcccent r i c i t vvec tor .

E q s .  ( 3 3 )
r  pos i t ion  vec tor
R, ,  Ear th 's  rad ius
T t in re  o fper igcc  passage
ur ,  u ,  u :  un i t -vcc tors  a long. r ,  r ' ,  :  axes .  F IG.  I
r  V c l ( ) c i t \  \  c c t ( ) r .  i
w  ro ta t ion  vec tor  o f  loca l  l rame in  inc r t ia l  f rame
() (gcnc-ral) dif ference elernent
s  ( g e n e r a l ) s m a l l p a r a m e t e r
r l  t ruc  anomalv
l  q u a s i - a n s l e .  E q s .  ( 1 9 )

, r /  cen t ra l  body 's  g rav i ta t iona l  parameter
o  aux i l ia rv  e lemcnt .  Eq.  (30)
g' arqumentof lat i tude. r9 + r, .r

V ,  q u a s i - a n g l e .  E q s .  (  l 9 )
t , )  : r rgu t r l cn t  ( ) [pc r igcc
r ' t  n tod i f iedargumento f  pcr igee.  Eqs .  (21)
a r ight ascension of asccnding node

Superscripts 
'  

and '  refer to dif ferentiat ion with rcspect to
t inre ancl clLrasi-angle r ' .  respectivr- l \ , .

3. Desirable Properties of Perturbation Equations

The evolut ion of a satel l i te orbit  under perturbinl forces is
descr ibed bv  a  svs tem o f  a t  leas t  s ix  d i f fe ren t ia l  equat ions
representing the rate of chanqc of a sct of variables ciescrib-
ing  the  orb i ta l  s ta te .

Svmbolical l-v. i t  is possible to write:

( l )  d  :  F [ a . f ( r ) ] .  a ( 0 )  :  a , , .

where the thrce-vector f  represents the small  perturbing
accelerat ions. Thcre is quite an amount of l ibertv in the
choicc of a suit trble set of state variables or elements a
describing the perturbcd motion. Depending on the appli-
ca t ion  in  minc l  onc  se t  o f  e lements  cou ld  be  supc l io r  to
another set. Although i t  would lre fut i le to trv to clevelop
unambiguerus cri te-r ia on the basis of which the best set of
elements could be selected in al l  possible appl icat irrns. i t  is
ccrtainly worthwhile to identi f l ,  a few desirable features
serving as a basis for the sclcct ion of a suitable set for a
given application.
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A few cri teria to be taken as guidel ines for the selection of a
suitable set of orbital parameters would be the fol lowing:

a)  The per tu rba t ion  equat ion  (1 )  shou ld  be  non-
s ingu la r  in  te rms o f  the  se t  o f  e lements  a .  Th is
means that there exists a uniform upper bound M on the
absolute value of F for al l  possiblc values of a and f:

( 2 )  F ( a . f ) l < t u | .

b )  T h e  e l e m e n t s  s h o u l d  b e  s l o w l v  v a r v i n  g .  i . e .
they should become constants in the absence of per-
turbations:

( 3 )  F ( a . o )  : o ) a ( t ) : a , 1 .

This property would be advantageous in the numerical
integration of the perturbation equations because i t
permi ts  the  use  o f  a  la rgc  s te  p  s izc .

Since i t  is felt  that the lattcr cr i ter ion is too restr ict ive. the
fol lowing morc l ibcral cr i ter ion mav be adopted:

b )  T h e  e l e m e n t s  a r e  a l l o w e d  t o  b c  q u a s i - s l o w l v
varv ing .  i .e .  the  e lements  shou ld  re  ma in  o f  the  order  o f
a (r representing the order of smallness of the perturba-
t ions) during unperturbed motion:

( 1 )  l F  ( a . o )  - -  o  ( t ) .

This relaxation does not affect the step size required for
numcrical integration and opens up new avenues for thc
selection of suitable orbit  parameters.

c) I t  is desirable that thc choscn set ofelements leads to an
uncoupling of the out-of-plane perturbing force compo-
nents from the in-plane motion. This propert.v is of par-
t icular importance in analvt ical perturbation analvscs.

d) In order to minimize computation t ime. i t  is desirable
that the equations should be as "compact" as possible.
On the  one hand.  th is  se ts  a  l im i t  on  the  number  o f

f i rs t  point
of  Ar ies

FIG. 1 :  Visual izat ion of  perturbed orbi ta l  rnot ion

equations (> 6) required to dcscribe the cornplete
sys tem and.  on  thc  o thcr  hand,  the  numbcr  o f  numer ica l
operations within each equation should be minirnizcd.

e) The perturbing force components should have a con-
venient form when cxpresscd in terms of the selected set
o f  e lements .

4. Orbit Mechanics Background

The evolut ion of a satel l i tc 's posit ion vector r ( t)  within an
inert ial  refence frame is described bv Nor' ton's second law:

( 5 )  i :  - , r r r l r ' r + f ,

In  add i t ion  to  thc  inc r t ia l  gcoccnt r i c  X ,Y,Z  re fe rence
f rame a  loca l  mov ing . r , r ' , :  f rame is  in t roduced (F IG.1) . In
this. the .r axis points along the instantaneous posit irrn
vector r whilc thc l  axis l ies in thc plane defined b1' the
instantaneous posit ion and vclocitv vcctors r and v such that
v  has  a  pos i t i ve  1 'component .  The p lane conta in ing  the  r
z rnd  v  vec tors  i s  known as  the  oscu la t ing  p lane and
changcs i ts orientat ion continual lv under the inf luence of
the normal perturbing force component. The ^- axis is
directed along the instantaneous normal to the osculat ing
p lane and thus  po in ts  a long the  vec tor  h  :  r  x  v .

Similarly. as in r igid body dynan.r ics, the motion of the local
reference framc with respcct to the inert ial  frame n.ray be
dcscribcd bv mcans of a rotat ion vcctor w. The rate of
chan-ee of any vector quanti t l t  b can nor.v be expre ssed as
b : tb] f  w x b where [b] refers t t ' r  the derivative of b
cvaluatcd in thc local framc. Application of this rule to the
vec tor  r  v ie lds :

( 6 )  v :  i :  / ' u .  f  r  w .  u ,  -  r ' ' r . ' \ . u 2 .

From the definit ion of the osculat ing plane. the velocity
vector cannot have a component along the : axis, so that

( 7 )  r ,  :  0 .

Differentiat ion of the velocitv vcctor in the samc manncr.
tak ing  account  o f  the  resu l t  in  Eq.  (7 ) .  leads  to :

i  :  I  u .  *  ( r  n ' . ) ' u , .  -  r  N , , l  u .  +
( 8 )

*  / 'w-  u . .  1  7 'Yr ,  t ' t . ,  u - .

On the othcr hand. thc r ight-hand-side of Eq. (,1) can be
expanded a long the  loca l  axes  to  g ive :

( 9 )  i :  ( f ,  -  ! l i )  u , * " f ,  u ,  * f  u - - .

Comparing the components of i  in Eqs. (8) and (9). the
fol lowing three identi t ies are found:

i - r w . t : f , _  l , l r '

r w - - l  2 i v , , : . f ,

r  ] | ' ' \  w- :  . f- '
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Explici t  expressions for w, and r 'r ,-  can be obtained bv stuc11,- ( l)  :  (r  l - l /r)  cos q .
ing thc rate of change of the angular mornentum vector h:

( 1 8 )  I  :  1 r  f  . l h )  s i n  q / s i n  l ,
( 1 1 )  h :  r  x  f  :  r ( / ,  u .  - - f - u . ) .

Because of the dif ferentiat ion rule introci,cecl nbove. h can 
Q = l t l r-  -  g ct ls l '

a lso  be  expresscc l  as :  Thus .  Eqs .  ( l t i )  a re  cqu iva len t  to  Eqs .  (16)  and,  togc ther
rv i th  Eqs .  (15) .  p rov ide  a  conrp le te  descr ip t ion  o f  the  per -

( 1 2 )  h :  l r  u - -  *  l r  ( w ,  u ,  -  n ' ,  u , ) .  t u r b e d o r b i t a l m o t i o n .

Compar ing  the  resu l ts  o f  Eqs .  (11)  and (12) .  the  fo l low ing
expressions are founcl in addit ion to the alreadv known
r e s r r l t  o f  E q .  ( 7 ) :  , 5 . 1 .  E q u a t i o r t s  f o r  N e a r - C i r c u l a r  O r b i t s

(13)  i t  :  r  f , ;  w ,  =  r  f . l l t .  An  essent ia l  s tep  fo r  the  fo l lo rv ing  ana lys is  i s  to  de f ine  the
quas i -ang les  l  and y , .  us ing  the  d i f fe ren t ia l  equat ions :

The las t  re la t ionsh ip  o f  Eqs .  (10)  p rov ides  the  remain ing
componento f  w:  (19)  i :  h ' .  :  l t l r :  r1 '  :  -Q cos  i

(11)  w. :  h l r . .  These c le f in i t ions  per rn i t  fo rmal  in tecra t ion  o f  thc  las t
r e l a t i o n s h i p  i n  E q s .  ( I 8 ) :

The results obtained so far mav be summarized as: 
(20) 1, = g + r. l ,  .

( 1 5 )  f  -  h ) l r t  : 7 ,  -  u l i ;  h :  r  f , :
In the absence of perturbations. r7, mav be taken to be zercr

( 1 6 )  A , \ =  r f - l h '  x , ,  : 0 :  w , =  1 l i .  a n d l b e c o r n c s c q u a l  t o t h e a r g u n r c n t o f  l a t i t u d e  ( { = o + 8

wi th  cons tan t  ra .  In  the  per tu rbec l  case.  r ,mav be  e  xp lessed

The f i rs t  se t ,  i .e .  Eqs .  (15) ,  descr ibes  the  in -p lane per -  in  te rms o f  thc  oscu la t ing  t ruc  anomalv  bv  in t roduc ing  a

turbed motion whereas Eqs. (16) represe nt the rotat ion of "rnodif iecl" argument of perigec r,r:

the local x, v,;  frame attached to the instantaneous r and i
v e c t o r s r e l a t i v e t o i n e r t i a l s p a c e . F l G . l . E q s . ( 1 5 ) a n d ( 1 6 )  ( 2 1 )  t ,  :  B  +  o :  o , t  :  t o  r  r l , .
together form a convenient start ing point ior the derivation
of  var ious  se ts  o f  per tu rba t ion  equat ions  in  the  Gnus. i  fo rm.  The rad ia l .pos i t  ion  g f  the  sa te l l i te  can thus  be  wr i len  as  a

Iunc t lon  o I  l ' :
The motion of the local -r,_l ' , .z frame cz'rn readi lv be inter-
preted as that of a r igid body spinning around the z-axis r (r,)  :  (Fl!)10 * e cos f) :
with a spin rate )r ' -  and perturbed by a disturbance torque
r l - ,  resu l t ing in  an  ins tan taneous ro ta t iou  ra te  r r ' , .  

where  

=  (h : l i l ( l  +  p  cos  l  - |  q  s in  r , ) .

5. Non-SingularPerturbationEquations Q2) l ,  :  e, cos t i . t . .  t1 :  c, sin tD.

The conventional Lagrange Planetary Equations I l ]  are not Thc ra{ial component r of the velocitv vector is equal to:
the most suitable perturbation equations for many practical
appl icat ions. The singulari t ies for small  eccentr ici t ies and (23) i  :  i ,  dr l t lv :  (ylh) (p sin r,  -  q cos r,).
smal l  inc l ina t ion  in  the  equat ions  fo r  o  and I ,  respec t ive ly .
m: ry leadtod i f f i cu l t ies in the in tegra t ion .  Fur thermore , the  Here .  use  is  n tade o f  the  fac t  tha t  in  a rb i r ra l ,pc r tu rbed
osculat ing (true. mean, and eccentr ic) anomalies beconte motion. the posit ion and velocitv vectors have the same
il l-defined for small  eccentr ici tv. form in terms of the instantaneous elements as in thc unper-

tu rbed case ( i .e .  cond i t ion  o f  oscu la t ion) .  Th is  imp l ies  tha t
Before presenting a non-singular alternative to the the fol lowing constraint equation needs to be satisf ied:
Lagronge Planetary Equations the motion of the local-t ,  _r ' ,  z
r e f e r e n c e f r a m e i s c o n s i d e r e d i n m o r e c l e t a i l . T h e o r i e n t a -  ( 1 1 )  p c o s  r , +  4 s i n  v :  ) l r  h l ( u  r ) : 2 h f , l 1 t .
t ion of this plane is usuallv described bl '  the "Ealer an-qles"
Q,  i ,  E  (F IG.  1 ) .  The components  o f  the  ro ta t ion  vec tor  w where  the  las t  o f  Eqs .  (15)  has  been subs t i tu ted .  A  second
c a n t h u s b e e x p r e s s e c l i n t e r m s o f  ( l 1  . O l n d ( :  e q u a t i o n f o r / a n d { f o l l o w s f r o r n t h e e q u a t i o n f o r l ' i n E q s .

(  15)  by  d i f fe ren t ia t ing  Eq.  (23) :
w , : ( i )  c o \ g  + O s i n i  s i n r i .

p s i n r ' - q c . t s r ' :
(17)  r1 ' .  :  -  ( l )  s in  q  +  J2  s in  I  cos  g .  ( l -s )

= h f,l,u 
-l r f, (1t sin v - q ct:ts v)llt.

w , : 4 * ( ) c o s r .
Eqs. (24) and (2-5) readi ly vield the desired perturbation

Using the results in Eqs. (16). these can be solved for: equations for p and q:
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p : (hlt) lf, sin r, *

+ l  [cos |  + t l  r  (p + cos r,) l f ])  .
(26)

q  =  @ly)  { -  f ,  cos  r ,  +

+  / ,  [ s i n  v  +  !  r ( q  +  s i n  v ) l h : ] ] .

I t  is important to recognize that Eqs. (26) do not containf: ,
i .e. the normal (out-of-plane) perturbing force component.
This is a clear advantage over the conventional cquinoctial
elements [8],  especial ly for analyt ical work. Also i t  should
be appreciated that this formulation results in general ly
more compact expressions than more conventional formu-
lat ions of the Gnuss' form.

The complete set of perturbation equations for near-
circular orbits may now be summarized as:

n :  , . f t .

p  :  ( l r t1 r )  {L  s in  r  *

+ l ,  [cos v + u t 0) + cos v)lh:] ]  ,

4 :  {nty1 {- / ,  cos I *
(27)

+ /,  [sin v + ! r  (4 + sin v)lhI)]  .

( t) '  :  ( t  f . lh) cos (,  -  V').

l ,  :  (r  f . l l t )  sin (r,  -  y ')  cot I .

i' = hlrt .

((2 :  i l , /cos i) .

I t  can bc argued that the angle r1 makes the equation for (2

superf luous. For a geometric descript ion of the orbit  planc
motion. however. the angle O offers definite advantages
over V, and mav therefore be included as irn extra equation.

Final l l ' .  i t  should be stressed that the perturbing force com-
ponents 1,, . /- ' . ,  f  need to be expresscd in the set of elements
adopted. This involves a great deal of labor for real ist ic per-
turbations but should be no more dif f iculd in the present
formulation than in other non-singular theories (c.g.
equinoctial ) .

, 5 . 2 .  E q u a t i o n s  f o r  N e a r - E q u a t o l i a l  O r b i t s

For orbits rvi th incl ination near 0 or,z (referred to as near-
equatorial) a sineulari ty in the equations for O and r7' may
appear, cf.  Eqs. (18). A non-singul:rr formulation for the
out-of-plane motion fol lows readi ly from the analysis
above. Introducing the new variables:

(28) . i  = sin i  ct ' rs q,;  /< :  sin i  sin 17,

Eqs .  (18) .  (19)  and (20)  can be  usec l  to  show tha t :

0 )  :  t  ( r  f , lh )  ( l  -  . /  -  k r ) r ' r  cos  t , .
(2e)

k :  + ? f , lh)  (1 -  7r  -  kr ) r ' r  s in  r ,

where +. - holds for prograde ( i .e. r < 90") and retro-
grade (r > 90') orbits. The trvo equations for 7 and k in
Eqs. (29) replace those for i  and 9. '  in Eqs. (27). For a near-
equatorial orbit  the ascending node posit ion becomes i l l -
dcf ined: small  perturbing inl lue-nces may shif t  i t  bv large
amounts .

Untikc the behavior of -Q the new variable:

( 3 0 )  o : Q T t l

remains well-dcf ined for prograde and retrograde near-
equatorial orbits so that the fol lowing equation mav be
acldecl:

o  =  D ( r  J . l l t )  Q s in  u  -  k  cos  r ) ;
( 3  t ;

D : 1 t [ 1 + ( l - i , - k , ) " , ] .

Bv in tegra t ing  Eq.  (31)  us ing  o  (0 )  :  gu  a long w i th  Eqs .
(29), A mav bc obtaincd as:

( , 1 2 )  Q  =  o  ! t i ' :  o  +  a r c t a n  ( k / 7 ) .

without loss of precision for near-equatorial orbits. After
adding the equations tor h, p, q and v given in Eqs. (27), a
system of perturbation equations which is non-singular for
both near-circular and near-equatorial orbits has bcen
obtained.

For appl icat ions where the orbit  is eccentr ic with a near-
equator ia l  o rb i ta l  p lane.  the  equat ions  fo r  p ,4  rnav  be
replaced by a more familiar fornr for e and A : Lu I V,l

p = (htp) l l ,  sin d +

+ /, fcos B + g r (e * cos {Dlh':]} .

b :  lhlQt e)) {- l^ cos r l  +

+ /,  ( l  + 1t r lhl) stn Bj,
where

( 3 : . 1  B = v -  t b ;  r :  ( h l l l t ) l l l +  e +  c o s  ( . v -  a t ) 1 .

The advantage of r i , ,  as compared with the usual argument
of perigee a, is the absence of the normal perturbing force
component in i ts perturbation equation. Thus, a decoupling
of the in-orbit  motion lrorn the osculat ing plane "r igid-
bod1"'  motion is accomplished. I t  is evident that the intro-
duction of the quasi-:rn-qles / and r1 have been instrumental
in this decoupling. The usefulness of these angles has
already been recognizedl lv Hansen whose ideal coordinate
framc [,1] is obtained from the local r,  y, z coordinate frame
(FIG.1) after a reverse rotat ion over an angle r,  = q + V.

Another asset of the formulation in terms of r is the fact
that i ts perturbation equation i  :  hl f  is more compact
than the corresponding ones for any of the well-known
anomalies, which al l  have tcrms containing the perturbing
force components. This advantage wil l  be appreciated
when expressing the perturbation equation in terms of y as
the independent variable. which would be a f irst step in an
analytical approach. Since dldv : (lli,) dldt = Vllh) dldt.
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(-r+)

the following expressions for the near-circular near-equato-
rial case are obtained:

h' (v) : (r ' lh) f,.,

p' (v) : (itp) {f, sin v *

+ /, [cos | + tt r (p + cos v)lh!)l .

q' (.v) : (. i l !) {- 1, cos z *

+ /, [sin v + tt r (q + sin u)lh')l] ,

j , (r) = + (r3 f, lh2) (1 - it - kr)r 'r cos r,,

k , (v)  = + ?3 f . t t ; )  (1 -  j .  -  kr ) r / :  s in  r , .

t '  ( v )  :  i th .

[o'  (r) :  D (f  f  , lF) (7 sin r '  -  k cos r ') ]  .

This system is st i l l  exact and permits the expression of al l
the variables in terms of t ime in a parametric manner after
integration.

5 . 3 .  D i f f e r e n c e  E l e m e n t s

In the previous Section. two fast variables ( i .e. parameters
which have a non-zero rate ofchange in the absence ofper-
turbations) appear. namely v and l .  These variables need
smaller step sizes in a numerical integration routine than
those required by the slow orbital elements. A simple wav
of avoiding fast variables is provided by the so-cal led dif fer-
ence elements. which are obtained by subtracting the cor-
responding "unperturbed" part from the fast variable. In
the absence of perturbations these dif ference elements
vanish and can thus be considered as slow variables. In the
present appl icat ion, the fol lowing expressions are intro-
duced:

(35)  6 , , :  7 '  -  1 " , :  6 ,  :  t  -  t , ,

where the subscript u refers to the unperturbed element.
The perturbation equations for d,,  and d, fol low readi ly:

6, : hli - hslr,,2 :

( 16 )

d, ' ( r , ;  :  ( .h , ,6 , :  +  2  hn  r , ,  6 ,  -  r , , )  6 , ,111h0 h)  ,
where

r,,  :(h,, ] lp) l( l  + po cos r,  * 46 sin r,  ) .

d , =  r  -  r , , ,  d 1 , =  l t  -  h u .

In order to avoid the loss of precision inherent in the sub-
tract ion of two almost identical quanti t ies. the dif ference d,
should be calculated with care [3].  The same reason
suggests integrating 61,, 6, and do rather lhan h, p, q them-
selves, which onlv makes a dif ference in the choice of ini t ial
condit ions. The unperturbed quanti t ies r, , ,  and 1,, are
obtained from Kepler 's equation - t , ,(rr) in a direct manner
and r,,  (r) indirect ly by i terat ion of the inverse equation.

6. Non-Conventional Perturbation Equations

As was mentioned in Section 3. orbital parameters which
are not constants in unperturbed motion but varv within a
band of a similar magnitude to that produced by the pertur-
bations are referred to as quasi-slow elements. These
parameters appear to be just as suitable as the conventional
orbital elements for describing the perturbed orbital
motion in both numerical and analvt ical work.

6 . 1 .  N e a r - C i r c u l a r  O r b i t s

This idea is part icularly useful for near-circular orbits
where the variat ions of /  and g in unperturbed motion
would be of a similar order of magnitude as those due to the
pcrturbing inf luences. Introducing the quasi-slow ele-
ments :

,f  :  e cos f = p cos i ,  * r7 sin I ,
(37)

g  :  e  s i n  B  :  p s i n  r '  -  ( / c o s  y .

the non-singular perturbation equations introduced in the
previous Scction can be writ ten as:

n : r  J\ ' '

[ - - - g l t r  + 2 h ! , t 1 -

'g : f hl; + h f,ls + g f, rth,
(38 )

(/)' : t (r f,lh) (1 - it - kr)r/r cos r',

'1, : + (r f_lh) (1 - 7r - kr)l 'r sin r,.

i, : hlrl .

where r :  (El!) l( I+f l .  The equation for o should be
added i f  an expl ici t  expression for f)  is desired, as in Eqs.
(3 I )  and (32). This set of equations is extremely convenient
due to i ts compact form. A similar form with true longitude
(L : B + a.t + Q) rather than l  describing the local frame
motion has been used in the study of relat ive motion under
air drag and oblateness perturbations [3].

As before z may be replaced by i ts slow dif ference element.
I t  is of interest to point out that by introducing the dif fer-
ence elements dland d' a system which can also be used for
larger values of eccentr ici ty is obtained. The price paid is
rather lengthy expressions. where I is taken as the indepen-
dent variable.

In terms of the independent variable z. Eqs. (38) become
even more compact:

h '  (v )  :  73  7 ,17 ,

f ' ( r ) : - s + 2 i f , t t t ,

S' (z) : f + i f,ltt + g i 7,.1F.

(39) j ' (v) : K (r3 f,llf) cos u,
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yet k' (v) = K (i 7,th2) sin v,
(3e)

t '  ( v \  =  i lh ,

[ r ' ( r)  = -  ( f  f , thr)  A cos ? + k sin r ,) ] .

where K = cos i  has been introducted in order to avoid the
sign ambiguity but at the cost of an extra eguation. The con-
straint K: = 1 - i' - k2 may be useful ior checking the
consistency of the results after integration.

The system in Eqs. (39) can quite readi l l 'by extended for
arbitrary values of eccentricity by means of the difference-
elements dr and dr:

6i 0) : - d, * z f y,rp.
(40)

6r' 1v]t = 6, + f frtp + (g, + 6s) I f,,th2,

where g, (y) = eo sin (z - rag). This i l lustrates how non-
conventional elements can be converted to orbital Daramet-
ers with a zero rate of variat ion in the absence of perturba-
t ions .

6 . 2 .  N e a r - E q u a t o r i a l  O r b i t s

In the case of small  incl inations, a similar approach to that
given above for small eccentricities may be followed.
Assuming that the rate of change of the incl ination in
unperturbed motion is of a similar magnitude as that
induced bv the perturbations. the fol lowing quasi-slow
variables mav be introduced:

1 : s i n l c o s ( r u -
(41)

" I : s i n i s i n ( z -

:  /  cos  y  *  k  s in  v ,

:  i  sin z - k cos r, .

These variables satisfv the svstem:

i -- - t htl + K r f,th,
(42)

j :  t  t t t i ,

w h e r e  K =  c o s i :  t  ( l  -  1 2  -  / 2 ; 1 1 2 .  T h e v a r i a b l e s l , / ,
K can be interpreted as the components of a unit-vector
along the inert ial  Z-axis projected upon the local -r,1' , :
coordinate axes [9].

A part icularlv attract ive set is obtained when using v as the
independent variable, cf.  Eqs. (39):

h ' ( v ) = f 7 , 1 7 ,

f ' f . v ; : - g + 2 i f " t r , ,

g' (v) = f + I f,tp + g I yrthl,

(43)  I '  (u )=  -  J  +  K f  7 . th2 ,

J '  (v )  :  1 '

t '  (v) = 117'

(K '  ( r )  = -  I  I  f . lh2) .

Here again, the equation for K is redundant. The system in
Eqs. (43) is val id for near-circular near-equatorial orbits.
The compactness of this system makes i t  attract ive for both
analyt ical and numerical appl icat ions.

The equation for o defined in Eq . (30) here becomes:

(44) o' (v) = J (f  f , th\t( l  !  K).

The introduction of difference-elements d7 and d7 would
extend the usefulness of this system to any value of inclina-
tion:

6 i : - a r + K f f , l h 2 ,
(45)

6 t '  =  6 t .

In conjunction with Eqs. (a0) a compact system with
general applicability would be obtained.

7. Short lllustration ofthe Theory

A short illustration of the applicability of the considerations
presented above wil l be given here. More extensive appli-
cations can be found in the l iterature, e.g. [3 and 7] which
employ a few of the guidelines advocated here.

The main perturbing term due to the Earth's potential field
is the second zonal harmonic commonly denoted as.I2. The
perturbing force components exhibit an extremely simple
form when written in terms of the "elements" {"/ of Eqs.
(41)  and K = cos i :

f , = - € ( 1 , - 3 J 2 ) 1 r 4 ,

( 4 6 )  f r = - 2 e l J t r a ,

f , = - 2 t J K l r a ,

where e = 3 p Jz R"212. After substituting these com-
ponents into the equations for I ,  J and Kin Eqs. (43) the
following convenient system is obtained for a circular orbit:

J " ( u ) + l : - 6 J K 2 ,
(47)

K' (v) :  6t t '  K,

where d : 3 h (RJa)2. The initial conditions are specified
as :

,/ (uo) = sin ie sin (ro - ,/ro).

(48) 1 (uo) = sin i6 cos (rn - t/t),

K (un) = cos ie.

To a first-order approximation. the equation for "I (r;) in
Eqs. (47) can immediately be solved:

(49) J (u) :  sin le sin [(1 + d Krt)t ' '  , ] .

From this result the behavior of the line of nodes can readily
be checked. On the basis of the definit ion of J (v) in Eqs.
(41), i t  fol lows that

r/,)

V,)
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(50) ,p (u) : - (612) v cos2 i6.

Thus, the well known regression of the nodes at a rate of
(c f .  [a ] ,  $  6.3)

(51) lQ : - 3 12 n (R"la)2 cos i,1

per revolut ion has been reproduced.

8. Concluding Remarks

A number of perturbation equations in terms of non-
singular and non-conventional orbital parameters have
been presented. By the use of the quasi-angle z, con-
sistent separation of in-plane motion on one hand and the
orbit  plane motion on the other hand has been achieved.
The resulting systems should be useful in both analytical
and numerical applications of perturbed orbital motion
because of their compact size relative to more conventional
perturbation equations. The applicabi l i ty of a part icular
formulation is largely determined by the ease with which
the perturbing inf luences can be incorporated.

References

[1] P. M. Fitzpatrick: Principlesof CelestialMechanics. Academic

Press, New York 1970.

[2] E. L. Stiefel and G. Scheifele: Linear and Regularized Celestial
Mechanics. Springer-Verlag, Berlin/Heidelberg,D,lew York
1971.

[3] J. C. Van der Ha; Three-dimensional subsatellite motion under
air drag and oblateness perturbations. Celestial Mechanics 26
(1e82), pp. 28s-30e.

l4l F. T. Geyling and H. R. Westermann: Introduction to Orbital
Mechanics.  Addison-Wesley,  Reading 1971.

l5 l  l .  L.  JunkinsandJ.  D.  Turner:  Ontheanalogybetweenorbi ta l
dynamics and rigid body dynamics. J. Astron. Sci.27 (1979),
pp. 345-358.

16l A. A. Kamel: New non-singular forms of perturbed satellite
equat ions of  mot ion.  J.  Guidance,  Control ,  and Dynamics 6
(1983), pp. 38'7-392.

Ul J. C. Van der Ha and V. J. Modi: Analytical evaluationof solar
radiation induced orbital perturbations of space structures.
J. Astron. Sci.25 (1977), pp. 283-306.

[8] R. ,4. Broucke and P. Cefola: On the equinoctial orbit ele-
ments. Celestial Mechanics 5 (1972), pp. 303-310.

l9l Y. M . Kopnin: A rotation of the orbital plane of a satellite. Cos-
mic Research 3 (1965).  pp.  540-553.

(Received March 7.  1985)




