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The Geos-l Dynamic Experiment

AbStfaCt The nonlinearity of the Euler equations implies that a spinning satell i te may be
despun quite rapidly when subjected to continuous axial thrusting. This
phenomenon and the conditions under which it occurs are discussed here. The
problem has been recognised with a multibody computer program simulating the
complete equations of motion. An approximate expression for average spin
evolution is derived lor a spinning spacecraft with two radial wire appendages.
Because of the importance of the phenomenon for such future projects as the
International Solar-Polar Mission (ISPM). an in-fl ight verif ication has been made
using the Agency's Geos-1 scientif ic satell i te. The agreement between the
theoretical predictions and the in-fl ight data has proved to be excellent.

R6SUm6 Pour un satell i te en rotation. la non-lin6aritd des dquations d'Euler fait que la
rotation peut 6tre frein6e rapidement sous I ' influence d'une pouss6e axiale
continue. Ce ph6nomdne et les conditions de son apparit ion lont lobjet du pr6sent
article. On a proc6d€ d une analyse du probldme au moyen d'un logiciel
permettant de simuler intdgralement les dquations du mouvement en tenant
compte des attractions exercees par les differents corps cdlestes en pr6sence. On
obtienl une expression approchee de l '6volution moyenne de la rotation d'un
satell i te 6quip6 de deux appendices constitu6s par des c6bles radiaux. Vu
l' importance du phenomdne pour certains projets futurs telle que la Mission
internationale d'6tude des rdgions polaires du Soleil (ISPM). on a proc6d€ d une
verif ication en voi sur ie sarell i te scientif ique Geos-1 de l 'ESA. Les rdsultats
obtenus e cette occasion sont en excellcnt accord avec la th6orie.
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Introduction The loss of Explorer-l in 1958 was the first unpleasant surprise with spin-
stabil ised spacecraft. but it was not the last; a number of other examples ol
unexpected in-fl ight behaviour are quoted in Reference l. The two recurring
problem areas in these examples are the interactions between the control system
and certain flexible elements ofthe spacccraft (Mariner-10. ATS-V). and neglected
nonlinearit ies in the dvnamical model (Tacsat). Most of these sagas havc had
happv endings and have stressed the importance of the art of modell ing. This
article describes another example of a nonlinear cffect that may cause rapid
despinning and subsequent ioss ofa spacecrafi.

The potential victim was Geos-1. a scientif ic magnetospheric-explorer satell i te
{ launched on  20Apr i l  1977) .  wh ich  sp ins  nomina l l y  a t  l0 rpm about  i t s  ax is  o i
maximai inertia and carries two 20 m-lon-s radial wire booms or cables. An orbit
manoeuvre with continuous axial thrusting was planned lor Geos in May 1979. a
similar manoeuvre having alreadv been executed on 26April l9?7. shortly afier
apogee-boos1-motor fir ing (booms in stowed configuration). This first manoeuvre
lasted three minutes and was nominal in the sense that only a spin down from 96
to 95 rpm was noted. As the new orbit manoeuvre was to take place with the
booms fully deployed. there was some concern about their behaviour.

From inspection of the l inearised equalions of motion one would only conclude
that the manoeuvre is safe. As a systematic check. however. a computer simulation
based on the full {nonlinear) equations of motion in a multibody lormulation r was
performed. The results predicted complete despin and subsequent loss of the
satell i te duc to slackness in the wire cables in iust a few minutes3. Intensive
program checking conlirmed the consistencl, of the results. At the 5ame time. a
closer look at the lull Euler equations tbr a rigid body indicated the possibil i ty of a
similar type of behaviour.

With this level of understanding of the phenomenon it was decided to execute
the planned orbit manoeuvre using a radial thruster in pulsed mode instead of an
axial thruster in continuous mode. This changed the manoeuvre duration from
45 min to t h. According to Rel'erence 2. the spin variations associated with this
type of thrusting are negligible.

An in-fl ight veril ication of these predictions was later proposed by the dynamics
group in view of the potential importance of the phenomenon. The ISPM project
group supported this verif ication. because a similar situation could occur during
an ISPM spacecraft mid-course correction manoeuvre if one of the axial thrusters
were to fir i l .

The verif ication manoeuvre was conducted in two segments from thc Agency's
European Space Operations Centre (ESOC) in Darmstadt (Germany). on the 27
and 28 Seotember 1979 a.

A dircct comparison between the outputs of thc Ceos satell i te's on-board
accelerometers and the theoretical predictions is presented in this paper. The
correlation between telcmetry data and simulation is convincing. especially for the
variations in spin rate.

The nonlinear eflects discussed hcre arc l itt le known and not cxplicit ly discussed
in thc l iterature. although the phenomenon of intcrcst is a special case of thc sclf-
excited rigid body s n. The crucial point is the thruster location with respect to thc
principal axcs of inertia ol 'thc satell i te. The underiying rhcory lbr a rigid body and
the extension to a central body with two cable booms appended is provided in the
last sectlon. An approximate exprcssion is derived to calculate the time to
complete despin. The rcsults show that thc destabil isation timc is inversely
proportional to the third powcr of the init ial spin rate. In this respect. the success
of the l lrst orbital manoeuvre conducted with Geos's booms stowed was due lo the
vcry high spin at that stage of the mission. rather than to the lact that the cablc
booms had yet to be deployed.

System modell ing
Despite thc many flexible booms and antennas that surround the main body of

the Geos satell i te (Fig. l). the overall dynamic resfonse ol' the sl,stem can be
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simulated satisfactori ly by a simple model including one rigid body and two
hinged bars to represent the 20 m cable booms, the remaining appendages being
considered as rigid. The bars are assigned the same mass and inertia characteristics
as the corresponding flexible elements. Detailed analysis shows in fact that the
deformation modes for which the cables depart substantially from a straight l ine
can be ignored. The conneclions between the central body and the cable booms
are represented by two-degree-of-freedom joints. so that the resulting relative
motions can be broken down into oscil lations in one plane perpendicular to the
spin axis (equatorial plane). and another containing that axis (meridian plane). No
damping is represented. although Geos is equipped with a particularly eflective
nutation damper and root dampers for the cable booms. This omission has no
major consequences as far as the dynamical phenomenon of interest is concerned.
namely the spin variations associated with the action of an axial external force on
the satell i te.

The pre-fl ight simulation o[ the planned test manoeuvre was made with a
generic. discrete-coordinate simulation program. This digital computer program

has the capacit) to simulate the large-angle motion (nonlinear equations) response
of interconnected rigid-body systems to external forces. with possible constraints
for the interbody connections. The program is currcntly being used for preliminary

studies 01'the attitude dynamics and appendage-depioyment phases of spacecrali
with flexible appendages. Such investigations ma"v have a considerablc impact on

manoeuvre strategies (the subject of this paper being a dramatic example).
mechanical dcsign and control-system definit ion.

Pre-fl ight simulations
We shall now analyse qualitativel. '  the dvnamic behaviour ol-Geos as predicted
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Figure 3

Table l.Inpuf data in reference frame (Fig.2)

r 273.68 ( including
4 kg offuel)

Heighl  ofCG above

separalion plane (m) : 0.502

Inert ias a long X.
Y .  Z  ( l € m r )  7 8 . 1 ?  t o l  5 1 .  l ' 0  q t

Cable booms

R o o l  l o c a r i o n t m l  :  r 0 .  i  I  I 0 l .  0 1 7 q  ,
Specific mass (kg m) : 0.0224
Lenglh (m)

Main body
Mass (ke)

: 1 9 . 7 5
T ip  mass  ( kg )  : 0 .1072

Lower axirl thrustel
Locat ion (m)

Direction

Level  (N)

Mode

:  (0.s55.0.466. 0.394)
|  ( 0 .0 .  l )
: 1

Inclined accel€rometer
Location (m) : ( 0.6925. 0. 0.2763)
Sensi l ive diredion : (0.0.7071. 0.7071)

Vertical accelerom€ter
Location (m) : (0. 0.6925. 0.3711)
Sensit ive direct ion : (0.0. l)

Figure 2
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by computer simulation when the lower axial thruster is operated in continuous
mode. The basis of the mathematical model is shown in Figure 2. The satell i te.s
mass and configuration at the time of the dynamic experiment are summarised in
Table 1. the frame of reference being centred on the main body.s centre of mass.
with the orientation indicated in Figure 2.

Let us concentrate first on the variations in the system's total angular
momentum. The axial force fixed in the main body generates a spinning torque
which is perpendicular to the angular momentum when the excitation starts. As
one may anticipate intuit ively. a unit vector aligned with the angular-momentum
vector wil l describe a cone in inertial space. at spin frequency. ln the present case
the corresponding cone half-angle remains smaller than 1.. Of more interest is the
time history of the magnitude of the angular momentum. which undergoes a
systematic deviation from its nominal value. as i l lustrated in Figure 3. If the action
of the external torque is stopped at some particular instant. the angular
momentum will remain constant and the satell i te wil l reacquire its equil ibrium
configuration afier the system oscil lations have damped out. The resulting spin
rate is then easily calculated as the ratio between the magnitude of the angular
momentum and the spin inertia of the system. From this we can conclude that the
satell i te's instantaneous mean spin rate must vary in much the same way; this is
confirmed in Figure 4. where the third component ofthe omega vector is plotted as
a function of t ime.

D E 0 8 '
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It is worth noting that such dynamic behaviour is not predictable on the basis of
l inearised equations of motion. Linear analysis shows. on the contrary. that the
spin rate should be constant during such excitation'. The despin phenomenon

must. therefore. be attributed to nonlinear effects. This is deduced on an analytical
basis in the next section. A sound understanding of the problem can- however. be
gained by considering the spacecraft motions. as explained below.

When the continuous axial force is applied. the body-fixed Z-axis (Fig.2) begins
to wander about the angular momentum vector. The nutation angle (measured

between these two directions) is plotted against t ime in Figure5. The resulting
oscil lations are at the nutation frequency for this type of excitation. whereas twice
this frequency is always associated with the nutation-angle variation when the
motion is force-free. The nutation frequency is a characteristic frequency of the
system and is identif ied from modal-analysis considerations.

The motion of the centre body in inertial space can be visualised by examining
the trace of the body-fixed Z-axis on a plane fixed in inertial space. This is shown
in Figure 6. where the plane of reference is perpendicular to the body Z-axis when

the manoeuvre is init ialed.
From the comments above it is clear that the body-fixed torque vector

corresponding to the applied force and the angular-momentum vector do not
remain perpendicular to each other. due to nutation. The work produced by this

continuous torque therefore varies periodically at the nutation frequency. From
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Figur€ 7
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this it can easily be conceiv€d that the mean value of this function over a nutation
period does not necessarily average to zero. but rather depends on geometric
characteristics of the system. The conditions that govern the variations in the
angular momentum are established in the final section of this paper.

It should be clear fiom the preceding arguments that the spin variations are
lorced at nutation frequency (Fig.4). The cable booms are in turn forced into
antisymmetric oscil lations in the equatorial plane at the same frequency. The
relative angular displacements of one cable in the equatorial plane with respect to
the centre body is shown in Figure 7. As outl ined previously. this is a nonlinear
response to the type of perturbation under consideration. since the eigenfrequency
of the system which characterises this typc of cable boom motion is basically
difl-ercnt tbr this lengrh ofcables.

Turn ing  our  a t ten t ion  now to  the  osc i l la t ions  o l ' the  cab les  in  the  mer id ian
planc. we can see by simple examination thal the traces of Figures 5 and 8 are
similar but of opposite sign. This is typical ol 'the so-callad 'nutation mode' of this
mechanical syslem. which can be identif ied l iom linear.cquations-. The cables
expericnce antisymmetric dispiacements lbr this mode. which is always coupled
with a higher frcquency but otherwise similar mode. the so-called .meridian

antrsymmetric mode. This high-lrequency vibration is clearly present in Figures 5
and u.

Another characteristic of Figures 4. 5. 7 and 8 is the modulation in amplitude ol
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the corresponding signals. The periods of modulation can be obtained by
in t roduc ing  the  sp in - ra1c  var ia t ions  a t  nu ta t ion  f requency  in to  the  l inear ised
equat ions  o l 'mot ion .  Th is  changcs  the  l inear  cquat ions  w i th  cons tan t  coe l l i c ien ts
into l inear equations with periodic coeflicients. The observed modulations can
then be  c rp l r r rned in  te rms o f  par r rmc l  r i (  e \c i la l  ion . .

To summarise. the gcnertl d_vnamic bchaviour of Geos under continuous txiir l
thrusting conditions is governed essentiall l  by the nonlinear part of the equations
of molion. although some system modes typical ol ' l incar response are also prescnt.

The long-term eflect of thc resulting lorque is a despinning of the spacecralt rnd a
consecut ive  bu i ld -up  o l  nu ta t iona l  mot ion .  as  i l l us t ra ted  in  F igure  5 .  the  c rb le
booms mak ing  w i ld  osc i l la t ions  a t  lhe  same t ime (F igs .7  &  8) .  I1  shou ld  bc  no tcd
that the cablcs themselves could become slack Iong befbre that moment.

Determination of manoeuvre param€ters

To establish thc validity of the theoretical predictions that led to the changing of
the strategy for the orbital manoeuvre planncd for May 1979. it was desirable to
devise the experiment manoeuvre so as 1rl produce a significant rpin-rale

reduction. thereby causing a sensible increase in the nutational motion. This
requ i rement  had to  be  compat ib le  w i th  the  many sys tem and opcra t iona l
cons t ra in ts r :  there  are  s t r ingent  cond i t ions  on  the  min imum sp in  r r te  (7 .5  rpm)  to
ensure proper iunctioning ol' the attitude-measuremenl system. and on the
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maximum nutation angle (15') to maintain a good-quality radio l ink with the
ground stations.

In view of the above. and taking into account the fact that some of the system
parameters. such as thrust level and residual fuel were not accurately known.
extensive computer-simulation runs were made to cover a wide range of system
parameters. As indicated in Reference J. the optimal strategy turned out to be a
3 min manoeuvre with an init ial spin rate of 11 rpm. This would allow the
predictions to be confirmed with reasonable margins with respect to the system
constralnts.

Monitoring of the manoeuvre
The dynamic behaviour of the Geos satell i te is monitored mainly by the pair of

on-board accelerometers, the exact locations of which are given in Table l. their
sensing directions being parallel (vertical accelerometer) and inclined by 45'
(inclined accelerometer) to the body-fixed Z-axis. The corresponding telemetry
output is plotted in real t ime on strip-chart recorders in the Control Room at
(ESOC). This provides immediate insight into spacecraft behaviour and. at the
same time. a valuable base for real-time decision making during a manoeuvre. The
computer-simulated accelerometer traces corresponding to Figures 3-8 are repro-
duced in Figures 9 and 10.

Spin rate is measured via the satell i te's optical sensor system, which is designed
to provide only one type of measurement every 45 s. In this respect it was not
possible to assess the mean spin rate unti l well after the manoeuvre had been
completed; neither was it possible to monitor the constantly changing attitude of
the spacecraft during the manoeuvre with the set ofsolar and earth sensors.

Comparison of predictions and telem€try data
Since the experiment was somewhat crit ical in terms of spacecraft security. it

was decided to make a preliminary excitation manoeuvre lasting 80s. to check
proper functioning of the subsystems and to evaluate the correspondence between
predictions and fl ight behaviour. This first manoeuvre segment was followed by
the 3 min experiment the next day. The satell i te's spin rate was adjusted to the
requisite value before each manoeuvre by tangential thrusting.

Table 2 compares the spin variations obtained by computer simulation and
those measured on-board the satell i te: the excellent agreement is readily apparent.
The corresponding points are indicated in Figure 4.

Table 2

Frnal sprn (rpm)
I  n i t i a l

spin ( rpml predicted

8 :
l E l

t 0 .97
I L00

10 . i 6
9 5 U

10.16
9.51

feiemetry data wcre used to produce the plots of Figuresli and 12.
correspondrng to the i irst anci second manoeuvres. A direct comparison is showr
with the computer-simulated ourDuts. which had been scaled to the format of the
stnp-chart recorders. The acceieralions are measured in mill i-g's as a function of
timc in seconds. The saturation levcl al 1t l2.5mg has been included in the
Dredictions

fhe acceleration at any point in the main body depends on all of the system
parameters. Any deficiency in the system modcll ing may thereforc affect the
resemblance between thc simulated and actual t ime histories of these accelerations.
Nevertheless. Figures l l and l2 show good agreement between predictions and
rcal-time telemetry data for the on-board accelerometer outputs.

The differences in magnitude which can be observed are attributed to damping.
which was not incorporated in the mathematical modell ing. In this respecr. rne
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Averaged spin evolution via

linearised equations

ampl i tudc  modu la t ion  o f these s igna ls  i s  much less  pronounced lb r  the  ac tua l  da ta .
a l though i t  i s  s t i l l  c lu i te  r i s ib le .  fhe  pre t l i c t ions  show a  sh i f t  in  the  phase o f  the
acccleromelcr signals as i l resull ot the narrowing associated with the amplitude
mot lu la t ion .  T I r i s  phcnomenon is  no t  reproduccd in  thc  ac tua l  acce le rometer
ou lpu ts .  As  a  d i rec t  consequence.  the  ampl i ludes  o t  acce le ra l jons  cor respond ing  to
the consccutive l iee mr.rtions ale dil lelcnl. fhis is particularly apparent lbr the
second m nocuvrc.

A  r ig id  body :p inn ing  un i lb rmly  a round i t s  ma ior  l r i s  o f  iner t ia  i s  sub iec ted  to

cont inuous  ax ia l  th rus l in lL  f rom t ime t , ,  onwards .  
' fhe  

equ iva ien t  lo rcc .  an t ipara l le l

to  the  abso lu te  exhaust  vc loc i l y .  i s  cons idered as  ax ia l .  Thc  th rus lc r  i s  no t  loca led

on the  sp in  ax is .  so  rha t  a  body- f i rcd  cons lan t  equator iu l  to rque rs  app l ied  to  the

sp inner .  Thc  mass  var ia t ion  due to  fue l  consumpt ion  is  ncg iec tcd .
This problcm is a special case of the selt '-cxcited rigid body as dctlned in

Refc rcncc  6  (pp .  145- l5 , r land Re lerences  8  and I .  A  comple tc  ana ly t i ca l  so lu t ion  is

not avariable although the scll '-excited rigid body is thc simplesl generalisation
possiblc I 'rom the lorcc-licc case. as the right-hand \ides ol the Euler cquatir 'ns rrc

arbitrary constants insteatl ol zeros. Thc 'sell-c\crtcd rigid bodl' represents a
problem of crrnsidcrable practical interest. as it also describcs l lal-spin rqcovery
procedures "'.

L.lnder the assumptions mcntioned. one would intuit ively expect the efl 'ect of the
equatQr ia l  to rque on  the  encrgy  and angu lar  momentum to  average ou t  o \ ,e r  one

rero lu l ion .  and tha t  consequent ly  these quant i t ies  canno l  changc s ign i f i can t ly .  I t
wil l bc shown hcre that this expectation is not always confirmed.

Rigid body
Thc Euler cquations ibr thr problem considered are:

A  l r ,  +  ( C  B ) r ' r ,  r ' r .  :  I ,

B  r ; - r ,  +  {A  C) , . , .  , ' r ,  :  1 ,

C  o .  +  ( B  A ) r ' r ,  r ' r ,  :  Q

A < B < C

The init ial conditions are:

l r , (0 )  :  r , r , (0 )  :0  r , r . (0 )  :  Q >  0

L inear is ing  about  thc  in i t ia l  cond i t ions  changes Equat ion  ( l )  in to

A l r ,  1  (C B)  Q l r ,  :  1 ,

B  r , . r ,  ( ( ' -  A)Ql r ,  :  r .

r,r-, - o

Thc solution of Equation (2) wil l be discussed in somc dctail to establish lor how
long i t  i s  va l id  and what  type  o f  evo lu t ion  takes  p lace .  Th is  so lu t ion  is  eas i l y
obtained as

( l )

(2)

, , , , { r )  :  
o l j -  s ino , t r  

16 ] ip (1  
cosoNf )

{ 3 )

214

,  , ,{r) :  , f , ,  sin eNr + 
{c I 's;g (r cos oNr)
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To cxamirre thc displacemenl ol thc

Equat ion  (3 )  as

l r  a \ r { -  R l

A B

l .  -  1 1
'  { (  { } O  -  r ( -  t s r o

r o l a l i on  \ cc to r  (  )  i r l  l he bodl. t le u l i t , ,^

f , l

L p  t i

( 5 )

( 7 )

-  o , .

I " '  cos tQ.\ ' l
( C  A ) A

A
s r n  { O N r

((' Il) B

(,1)

whe re

C  A . .
11 ic  A ts

I f l n  i n ,  /  -  _
r r V t  B  A

( 6 )

Lir;uation (,1) is the paramettic cquatio!r ol ell ipses. such as arc given in [ ' igurc l-3

These trajectories have thc lbllowing Ir( 'table propcrties:

The cent re  M has  coord ina tcs  ( r , )  r .  r , / , ) :  i l s  d i rcc t ion  is  independent  o l  O.

The pr inc ipa l  axes  o f the  e l l ipscs  are  a lways  para l l c l  to  thc  p r inc ipa l  axes  o l  lhc

r ig id  body .  Thc  semi -maior  ax is  i s  para l le l  to  t l te  i l t te rmed ia tc  ax is  o1- iusr t i r

and the  scmi -minor  ax is  1 ( )  the  min in ta l  ax is  lb r  an l  va lue  o l ' the  app l ied

t o r q u e  T ( l r .  r , ) .

The eccen l r i c i t y  o1 ' these e l l ipses  is  independcnt  o f  thc  app l i cd  to rque and thc

sp in  ra tc :  i t  i s  a  lunc t ion  o f  thc  inc r t ias  on l r .

The nu ta t ion  f requenc l  O\  de l lnes  the  un i lb rn l  t in tc  cvo lu t ion  o l '  lhe
ecccn l r i c  i rnomaly .  Th i \  t ype  o l  t ime depcndencr  imp l ics  thn t  lhc  lwo cqua l
par ts  o l  the  c l l ipsc  ob t t incd  by  the  t l i v i s ion  bv  an  arb i t ra r '1 -  d iamctc r  . r fe
conrpleled in hall 'a period.

The velocitl r ol lhc rotation \ 'cclor r ') \,arics bc1$'een

/ c  B  r , , ,  <
! B ( c  A )  A

r  <  I  ( '  A  ,4 , , ,

v A ( ( '  u )  u

The max imunr  i s  l cachcc l  a l  thc  c foss ing  o l '1hc  scrn i -ml jo r  a rcs .
The nr  l ima l  dcr i i r l i on  o l  lhc  ro la t i ( )n  vcc t ( r r  l l om i1s  in i l ia l  t l i r cc l ion  c r tc r r rs
a t  the  po in ls  D ( t r ig .  1 .1 ) .  As  th rs  d i fec t io r )  d ( )cs  no l  p lss  th loLrgh  th r ' ccn t r . '  M.
thc  c ro l t r l ion  o l ' th is  c lL r r l t ron  l lom D lo  ( )  c  nno l  be  lhc  s rmnre l l i c  p l r r ' l  o l '
I h  t l l o m O 1 0 D .
[ : ron l  l l ' ] csc i l la r  p foduc l  < , f / .  /  '  onc  c i tn  c l i s t ingu is l r  lhe  lb l lou  ing  cusc :  lb r
thc  lng lc  bc l \ \ ccn  thcsc  1no c i i l .e 'c t io r rs ;

r , r ,  B  A
< V  7 ' >  .  '  .

o  ( (  A ) ( (  B )
(n )

/ r  l ,  >  0  -  l n g l c , N / . 7

l r  r .  < 0 - a n g l c I r . ' . 1 '
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1 1 . 1 2  <  0

S P I N  D O W N

Mi "  l

Figure l3

Th€ r ,1. , , ,  axes are al igned wi th thc Ino
eq!atorial principal axes:

, ,  j :  parr l lc l  to lhe pr incipal  axis of  n in imal
inertia
( , , :  paral le l  lo the pr incipal  axis of
intermediate inertia

During tho fiIst nu(alion period. rhe elliFte (a)$ith

centre M is described. During the second nutation
period. the cllipse 1b)with ccntr€ M, is dcscribed.

This last property is important when discussing the evolution of the energy
and h. which is half of the square of the module of the angular momentum.
The rate ofchange ofthese quantit ies is easily obtained from Equation (l ):

{e)

( 1 0 )

i  and ft arc simply the scalar products of the applicd torque with the lr and i
vectors. respectivellr.

The ell ipses of Figure l3 are divided into two unequal parts by the perpendicular
to T C)ne part defines the zone whcrc the energy is increased
O : <o. T > > 0 whereas the other part corresponds to a reduction in the energy.
As more time is spent in the zone that contains the centre one can expect a
resultant net increase or decrease in the energy depending on the position of M.

These considerations are valid as long as the (, trajectory can be used as a
refcrence or as long as thc changc in energy per revolution is small (period
T:2zr ON). The averaged changes in e and i are then approximated by

e d , ( l l )

(t2)

(10)  in  Equat ions  ( l l )  and (12) .  on ly  the

h d t

u: +1"
-  |  t l

T J n

Substituting Equations (3). (9) and
constant terms will rcmain and

= .  t r t z  B  A

o (c  -  A) (c  B)

i  r , t ,  ̂  B - A

c )  - ( c - A ) ( c  
B )

( 1 3 )

( 1 4 )
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These two equations provide the tollowing information:

l f  r ,  o r  r ,  =0  or  B=A {symmet r ic  body) .  e  and / r  remain  cons tan t  on  the
averagc. No secular ellects on spin rate are present and Equation(3) always
represents a good approximation to the exact solution. which can bc found in
Rcferencc 6.
If t1 and a,=0. the averaged energ]- a and averaged i increase or decrease
according to the sign of t , r, . but in such a way that

As  lone as  most  o f  the  k ine t ic  energy  is  car r ied  by  the  in i t ia l  ax is  o f  ro ta t ion .
wc can approx imate  c  =  ICQ: .  and subs t i tu t ing  th is  resu l t  in  Equat ion  (13)  we
oDta ln

Ca li = Cc,,

remalns constant. where

Cq, - it,, :
B- c  s

, r a , ' : ' , ' ,  B  A
() (r '  A)(c B)

where Q is the averaged change
separation of variables:

e r  ( l j  l t ' i  B  A  
r r  r L , r

c  (c  A) (c  B)  "

()r

w i th

c  ( ( '  A ) ( c  B )  ̂ .'  
3 r ,  r ,  B  A

( 1 s )

( t 6 )

( 1 7 )

in  r ' . , . .  Equat ion(17)  is  easi lv  in tegrnted by

(  l 8 )

,ilt  . f  Arl
0i lc A

(  l e )

(20)

Another derivation ofEquation(19) relies on use of the third Euler equation of
Equat ion( l ) .  where  fo r  the  produc t  t ' r , r ' r ,  the  mean va lue  ob ta ined f rom
Equation (3) is used. The mean value happens to be the product A r' 42. The result
i s  iden t ica l  to  Equat ion(17) .  bu t  the  under ly ing  assumpt ions  are  no t  so  exp l i c i t .
This approach wil l be employed for the extension to the rigid body with cables.

Returning to Equations (19) and (20) we can observe the following:
I r ' 1 .  , 0  i m p l i e q  l h a r  -  . O  a n d  l h a l  O . , j l n d  / r  r n c r e a s e .  T h e  a v e r a g e . p i n
increases. but slower and slower as time goes on. The time needed to double
the  in i t ia l  sp in  ra te  i s  7? .  The assumpt ions  under  wh ich  Equat ions(17)  and
(19) are derived remain satisfied. The limiting motion is a purc spin of infinite
magnitude about the init ial spin axis. This type of motion is also an
equil ibrium solution of Equation (l). Such motion is not possible for a finite
value of ( ')1.

I r l2<0 imp l ies  r<0  and Q.  i  and  I  decrease.  Whi le  Q decreases .  the
instantaneous mid-point of the ell ipse moves away from the origin. and the
nutational motion increases. When Q approaches zero. the assumptions under
which Equation (19) is derived becomc invalid. However. due to the one-third
power law (compare with Fig.4). O hardly changes at the beginning and then
dccreascs to zero rather abruptly. Due to this fact. the predicted time r to
reach zero spin for the average (,)r is better than one might expect a priori.
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Fina l l l .  one  can no lc  tha l  a  rcversa l  o f  the  th rus t  d i rec t ion  does  no l  a f lec t  the
conc lus ions  fb r  sp in -up  or  sp in -down (assunr ing  O, , : '0 )  as  the  s ign  o1  r , r .  i s
conserred unde| such a translbrmrlion. This l 'eature was conlirmed br' the
s in ru la t  ions .

Rigid bodr appcnded symmetricall l  with two cablc booms
Thc s imu la t ion  resu l ts  { l ' i g . ,1 )  ind ica ted  tha l  thc  s t ruc lu re  o f  [ - .quat ion  (19)  tas

conscr tcd  \ \ 'hen  the  r ig id  bodv  uas  appended u i lh  luo  s , 'mnrc l r ' i ca l l l  a t tached
wi rcs-  on  thc  in te rmed ia te  p l i l c ipa l  ax is  and in  the  v ic in i l ) 'o l  thc  ccn t re  o l  mass  o l
l l r c  cen l ra l  bod1.  Ho l re rc r .  thc  des tab i l i sa t ion  l imcs  ob ta ined bv  L ls ing  t l te  ceDt ra l -
boc iy  iner t ias  in  Fquat ro r r {10)  were  nuch loo  s l to r l .  rvhereas  thosc  ob ta ined b t
us ing  the  r ig id i l i cd  to ta l  sys tcm iner t ias  uerc  much to ( r  long .  Therc lb rc .  thc
l inear ised  Eu ler  cqua l ions  fo r  the  sys tem cons idered ucre  takcn  l rom Rsferencc  7 .
Thc  | r , . , , r ,  equat ions  are  coup lcd  u i th  the  mer id ian  an t lsvmnte t r i c  osc i l la t ions
/ i \ r  r .  Th is  se t  o l ' th rec  equat ions  (21)  i s  the  equ i r  a len t  o f  the  l i r s l  1 \ \o  o l  Equat ions
(2). With thc Larrlacc variable s. it oecomes

( ( '  B )  O  ) n 1 u  u + l t l z

(c  A) ( )

s

B s

o

'  o (c '  A)

'  o  ( ( '  B ' )

(  r ' r , .  :  ) n  1 ( l  t  r : )  { l :  u  l t l  1

t j /  t . 1 .  t t  t .  r i t  ,  ,  :  \ l  -  t : l  i , t ,

0

( l-  
+ o r

l ! i .

l r , ( s )

r, . /  r  lsl

1 i  \ r  ( s )

l r  s

( 2 1  )

where

u :  d is tance o l ' the  anachment  po in t  f rom the  sp in  ax is
I  :  cc lu iva len t  leng th  o l ' the  cab le  booms
t l t t  -  equ iva len l  l ip -mass
t ,  :  u i
A. B. ( ' : central bod) incrtias. as belirrc.

Thc  de terminant  o l ' t l te  mat r ix  o f  Equa l ion  ( l l )g ives  the  mcr id ian-an t isymmet r ic
and nu ta l ion  f requency .  The so lu l ions ' ' r , (s ) . , , r . , {s I l i , , , (s )  o l  Equar ion(21)are  thc
Lap lace l rans formed t ime responses  to  con l inuous  ax ia l  th rus t ing  w i th  zero  in i t ia l
cond i t ions .  Wc are  on ly  in lc rcs lcd  in  the  cons tan l  te rm o f  th is  so lu t ion .  Th is  i s
g ivcn  bv  thc  res idue cor respond ing  to  thc  po le  s :0 .  A f te r  some e lemcntarv
calculi l l ions.

w h e r c  B ' :  B  2 n i 1 a ( r r  +  i )
Equat ions  {22 ;  and (13)  a re  ident ica l  to  (4 )  and (5 ) .  excapr  tb r  the  change l iom B

to B'�.
Thc  cqu i la len ts  o l  the  th i td  Eu lc r  cquat ion  arc  thc  t$o  coup led  cquat ions  lb r

. r r  and thc  cquator ra l -an t isymrnet r i c  osc i l la l i r tns  r / r7  , ' :

l22J

(23 )

1 1 4  )

As these equations wil l onll be uscd lirr the averagc cv)lLrl iol ' l  ol r,)r. wc neglect thc
supcr rmposed osc i l la t ions  o f  ry ' , , .  Th is  i s  t lonc  by  c l im ina t ing  r / /  !  oerween
L q u r t r o n s  l j J t i  l d  { 1 5 )  i r l i ( r  p u t t i n r  r . ,  ,  I  t ) .  f l r e  | e s u l r  r .
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( i . r  [C  ' :Dr  r  (a  +  l ) ] l  *  (B  A) r ; r ,  r ; ; ,  :  0  (26)

rvhere the dominant nonlinear term has been added.'fhe coefllcient C' ofrir is thc

io ta l  sys ten  iner t ia  a round the  in i l ia l  sp in  a r is .  Subs t i t t t t ion  o f  Equat ions  {22)  and

(2 i l  in  {16)  g ives  thc  equ iva len t  o f  Equat ion  (  l7 ) :

or  e  
r , r ,  (B  

.A)  _  ( r t )
c ' { c  A ) ( (  - B )

In tegra l ion  o f  Equat ion  {27)  g ives  the  samc resu l l  l t s  (19)  and thc  nen erprers ion

lb r  the  des tab i l i sa t ion  t ime is

c  ( (  A ) ( C  B r . _ ,
t  -  

1 , , , .  { B  A )  
! r ; '

The s t ruc tL l rc  o f  Equat ion  { l l i )  i s  iden t ica l  to  tha t  o t  Equa l ion  (10) .  bu t  l l  c ( tn la rns

!l mixture ol'centrit l-hody inerlits. s1-stem incrtias and cablc paramctct s.

Comparison of average spin-ratc variations

The to l low ing  da ta .  ex t rac ted  f rom Tab le  l .  a re  used in  Equat ions  (2 l l )  and (19)

to  ca lcu la te  the  des tab i l i sa t ion  t imcs  and f ina l  sp in  ra tcs  tb r  the  manoeuvtes

mentioned in l lre rrrevious section:

( l s )

C :  l70 .9 l i  kgm:
/  -  l i . 4 l 2 ( m )

i  :  7 8 . 1 7 1 k g m ' )
r r  :  -1 .262 i5  (Nm)
r t  :  L l m

B'  =  145.631 (kgmr)

Thc equivalent length

the cable booms under

Table -1

A  :  l 6 l . , s l ( k g m r )
tz  :  3 .8877 (Nm)

, r r / : 0 . 5 6 0 k g
C : , 1 0 6 . 8 6

/ is obtirined by it lcntifying
mass conser!ation.

lhe  iner t ia  about  the  Z-ax is  o f

(s)

In r t r i t l

\p in
( r p m )

F rni l  sprn

( rpm)

Desrahi l isrr iorr  Frni r l \p inr ' redic-

rrme l iom (18) r ions l iom {19)
( s )  ( r p m )

8 l

 t I

10 .97
I  r . 00

10 .16
9 5 1

10 . t5
9.:7

141 - 1 ]'�l

1 5 t  :  7  : t I

Table -1 gives the destabil isation time r lor lhe two manoeuvres and the results

for the spin rate. The order of magnitude of the lrtter is correcl. The dil lerencc is
probably causcd by the I 'act that onl], onc lonlincar term is uscd 10 coustruct

Equation (26). As shown in Rcference ll. a whole series of second-order terms

comes in when the equations are dcveloped 1o second ordcr. and at the same trme

the vertical ollset between the attachment points and the ccnlrc ol 'mass is

considered.
By  inver t ing  Equat ion  (19)  one can ca icu la te  a  des tab i l i sa t ion  t imc r , , ,  l i om the

observecl spin rates Q,. and the manoeuvre duration 1,,,,,,,:

t ,,,,,,,
'  (Q/  o ( ) ) '  I

We obtain . r : l l '  39.9-.1" and t, : 8' 37.56"

va l ida tes  the  s t ruc tu rc  o f the  express ion  used.

(2e)

The consistency of lhese results
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COnCIUSiOnS The many fl ight manoeuvres perlbrmed with Geos-I and 2 have inspired great
confidence in the stabil ity of this tvpe of satell i te. The lesson taught by the analvsis
that has been presented herc is that such extensive expericnce cannot guarantee
the safety o[ a ne$ type of manoeuvre.

The nonlinear nature ol'the ellect stresses the importance of working on the
complete cquations of motion. at the cost ofa discretisation procedure (multi-body.
approach). This approach complemenls the other alternative of keeping the
f lex ib le  par ls  as  a  cont inuum and l inear is ins  the  cquat ions  o f  mot ion .

Cont inuous  ax ia l  th rus t ing  causes  Ia rge  sp in  var ia t ions  i [  the  th rus ter  i s  no t
iocated on a principal axis. A thruster located in thc first or third quadrant cuuses
a sprn-down: a thruster located in thc second or fourth quadrants causes a spin-up.
The spin-down occurs much iaster than the spin-up. Thc rate ol'spin variation is
inverselv proportional to the squarc of the init ial spin. Given sufficjent t imc. the
spin becomes infinite and perpendicular to the torque direction. which is contrarl
to  \ ^ha t  onc  wou ld  exocc t  in tu i t i ve lv .

RefefenCeS 1. Likins P 1g'76. Intcru(riotr prrhlens bctveen tlte dtrtcrtl iLs antl co,ttrol system
litr non-riaid sparccrri/ i . ESA SP- l 17

2. Boland Ph 1977. Ceos dt'numit, hehutioru. t luritq ntnoeuu.irtq Multihody
approoL lt. ESA EW P 106,1

3. Boland Ph. Janssens F 1979. 7'heoretital prc.l it! ions l itt- Gcns-l dl,ntnnic
e\perimo . ESA EWP I 194

4. Wimmer W 1979. Geos-1 FOP lot. ltnunit experiment- ESOC Geos Flight
Operations Plan

5. Boland Ph 1978. Spin rat turia(ktns ol ru asltnnetic spinninu botl t,
suhmitted tn uxiallbrces. ESA EWP 1063

6. Magnus K 1971. Kreisc/-Iheorie untl Antentlungen. Springer-Verlag (pp
143_ 155)

7. Janssens F' 1976. Dynunits ol spitlning sotell i tes motlelle| as a riqil central
hodr and spheritul pendulu u; uppentktLles. ESA SP-117

l l .

9.

Grammel R 1953. Die Stationdren bewegungen des selbsterregten Kreisels
und ih re  S tab i f i t i i t .  Inuen ieur  Arch iL  XXI .3
Grammel R 1954. Der selbsterregte unsymmetrische Kreisel. In4enieur
A n h i ' X X I L 2
Klu i te rs  MAM 1966.  F la t  sp in  recovery  o f  a  sp inn ing  sa te t l i te .  l l l l
Guidance un(l Conrlol Corrftrencr,. San Diego
Janssens K 19?5. Sorne elementurr consitlerotions uhout the motion ol lonu
tablc booms ol a spinning satell i te Parr2. ESOC Orbit and Attitude
Department Working Paper 37

Manuscr ipt  received l4 November 1979

10.

280 ESA Journal  1979.  Vol .  3


